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Abstract

The shape of breakthrough curves and elution profiles depends strongly on the course of the specific equilibrium functions characterizing
the chromatographic system. For a highly efficient system the equilibrium theory provides a methodology how to predict the band profiles.
The concept is frequently applied to analyze single component systems characterized by isotherms possessing simple shapes (Langmuir
anti-Langmuir behaviour). However, adsorption isotherms often possess more complicated shapes and have inflection points in their course
This leads to the development of composite concentration waves and results in complex shapes of breakthrough curves and elution profile
In this paper, the equilibrium theory is used to predict breakthrough curves for a chromatographic system characterized by an adsorptiol
isotherm with two inflection points. The results obtained are validated by comparing with numerical solutions of the equilibrium dispersive
model.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction If larger sample sizes are introduced in a chromatographic col-
umn the nonlinear range of the equilibrium functions becomes
There are several models available which are capable tonportant and migration speeds depend on concentration. This
predict elution profiles for chromatographic processes unddeads to the formation of compressed and dispersed fronts. The
overloaded conditionfl,2]. In general these models take into migration speeds and the shapes of the corresponding fronts
account the distribution equilibria and, in different detail, masscan be predicted using the equilibrium theory exploiting the
transfer resistances. Typically the corresponding balance equatethod of characteristig8—9]. The application of the concept
tions must be solved numerically. Instructive analytical solutionss in particular simple and capable to predict the development
can be derived using the equilibrium theory of chromatograof the band profile for a single component characterized by an
phy which neglects all mass transfer limitatidis-5]. These isotherm which is completely convex or concave. Applying ele-
solutions describe essential features of the development of cogant coordinate transformations also analytical solutions were
centration profiles in chromatographic columns. derived which describe the behavior of mixtures obeying certain
In order to apply the equilibrium theory to describe chromato-types of competitive adsorption isotherii&-5]. The power-
graphic processes the underlying distribution equilibrium func{ful concept was further already extended successfully in order
tions must be provided. Under diluted conditions these functionto predict the performance of more sophisticated multicolumn
are linear and migration speeds do not depend on concentraticarrangements, as e.g. applied in the simulated moving bed pro-
cesq10,11]
First results regarding the relation between the courses of the
"+ Corresponding author. Tel.: +49 391 67 18643; fax: +49 391 67 12028, 1S0therms and the shapes of single component elution profiles

E-mail address: andreas.seidel-morgenstern@vst.uni-magdeburg.de were reported if12] for equilibria of the LangmUi_r or anti-
(A. Seidel-Morgenstern). Langmuir type. Later Klamer and Van Kreveldr3] pointed out
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that adsorption isotherms often possess inflection points. Theyreakthrough curves depends (a) on the direction of the process
investigated the chromatographic behavior of a solute charactefadsorption fore"t < ¢ desorption fort > ") and (b) on

ized by an isotherm with a single inflection point and they brieflythe shape of the isotherm.

illustrated already the complex profiles in case of an adsorption In case of nonlinear isotherms compressed fronts (shocks)
isotherm with two inflection points. Instructive schematic illus- or dispersed front (waves) propagate through the fixed-bed with
trations regarding the impact of inflection points in the course otharacteristic velocities. Hereby the velocity of a shock is related
an adsorption isotherms on the shape of band profiles were prte the isotherm chord between the two limiting concentrations
vided in[5,6] applying equilibrium theory. However, still there before ¢™) and after ¢*) the shock according to:

is alackin explicit demonstrations of this relation using concrete N u
arameters of an isotherm model and a specific chromatographishocc ™ ¢™) = — — 4)
oystom P graprenee 1+ F((g(c) =gl D/(c* =)

In this paper, selected aspects of the equilibrium theory will The.velorjity in a simple wave depends on concentration
be shortly revised. For illustration simple isotherms (of the Lang-""cCordlng to:
muir and anti-Langmuir type) will be used. Then examples Ofuwave(c*) _

5
more complex isotherm shapes will be given. An experimental 1+ F(dg(c)/dc)lz« ©)

result will be presented to demonstrate the strong correlation Egs.(1)~(5)have been studied intensively for different simple
between isotherm course and shape of breakthrough curves. é’&lsorption isotherm models (e[g—11]. Fig. Lillustrates for

the main part of the paper the equilibrium theory will be applied) 5ngmuir and anti-Langmuir systems the close relation between
in order to analyze step responses for a chromatographic SyStefil, curvature of the isotherm and the shape of adsorption and

characterized by an adsorption isotherm possessing two inflegsorption fronts. Hereby an important and general rule is the
tion points. Finally, results of numerical simulations applying ¢; .t that operating lines for an adsorption step & ¢"t) or a

the equilibrium dispersive model will be presented in order todesorption stepel™ <My are given by the closest connection

u

validate the analytical results obtained. between these two concentrations below or above the isotherm.
. L. These two operating lines form in mathematical termscthe

2. Relation between curvatures of adsorption isotherms vex hull of the isotherm. Thus, the operating lines follow either

and shapes of adsorption and desorption fronts the slope of the equilibrium function or the chords between two

) o . characteristic concentrations. The operating lines can be consid-
The basis of the equilibrium theory of chromatography iSqreq as rubber bands connectiff andcM on both sides of

to neglect all kinetic effects causing band broadening and tgq jsotherni6,14)). Fig. 1illustrates the well-known fact that

assume that the distribution equilibrium of a solute between thg,, Langmuir the adsorption front systems is sharp whereas the

mobile and stationary phases is permanently established. Thygasorption front is disperse. The opposite holds true for anti-

the following mass balance equation holds tie5]: Langmuir systems.

dc 9g(c) dc

% +F Py + ua =0 (1) 3. Isotherms with inflection points and example for
corresponding breakthrough curves

In the abovec andg are the concentrations in the mobile

and stationary phases afids the phase ratio for which holds  geveral studies devoted to classify the possible shapes of sin-
F=(1—¢)le with ¢ being the total column porosity. In EGL)  gle component adsorption isotherms have been performed (e.g.
the mobile phase velocity u is assumed to be constant as it [§5 16). Fig. 2 presents the classification of typical adsorption
typically the case in liquid chromatography. isotherms of dissolved substances given by Giles ¢18].

The solution of Eq.(1) requires the specification of ini-  Experimental results demonstrating the effect of the isotherm
tial and boundary conditions. Typically is assumed a fixed-bednape on the course of breakthrough curves were given e.g. in
uniformly preloaded with an initial concentratiofi't and a rect- [17]. Fig. 3 shows breakthrough curves measured &t ®or

angular injection profile introduced between0 andr=1": the (+)-enantiomer of ger’s base with ethanol as the mobile
et =0, x) = ¢t ) phase and microcry_stal_line ceIIqusetriacetat_e as _th_e_ stationary
N o phase. The adsorption isotherm is characterized initially by an
A for O<rt<tM anti-Langmuir behavior which turns after an inflection point into
o(t,x=0)= {Clnit for /N < ) Langmuir behavior (case | ifig. 2). As a consequence step

N responses betweef'' =0 and a feed concentration below the

If the injection timer™ is large enough the whole fixed-bed inflection point lead to a dispersed adsorption front and a sharp-
is completely transformed from the first equilibrium state corre-ened desorption front. The opposite holds true if the exchange
sponding to the initial conditionc("t, ¢(c'""!)) into a new equi-  is performed above the isotherm inflection point as can be seen
librium state corresponding to the injection concentrati®f,(  from the results of the second stages of the staircase experi-
q(c™)). This problem is the classical and extensively studiedment. The small initial increase in the detector signal is due to
Riemann problenfb]. Exploiting the method of characteristics animpurity in the feed solution. Information regarding the range
there is a complete theory available providing the solution of Eqof retention times and more details including a suitable isotherm
(1)and discussing its propertigg-5]. The shape of the resulting model is given if[17].



218 W. Zhang et al. / J. Chromatogr. A 1107 (2006) 216-225

(b)

T cinj
[ =
°

e &

- ]
g 5

5 2

-] <]

- © Init

[+
*————
Concentration, ¢ Time, t
(d)
] ini 2_ it
c c '

o 2

o o

£ H

© Q

[} Q

(=] [

= 3 c™

Concentration, ¢ Time, t

Fig. 1. lllustration of the relation between the shape of the adsorption isotherms (left, fat lines) and the shape of corresponding step respdia3e¢.angmuir
isotherm, (b) corresponding sharpended adsorption front and dispersed desorption front, (c) anti-Langmuir isotherm, and (d) corresposeihgdiispgation
front and sharpened desorption front.

Interesting experimental results for an even more compleX hus, the equilibrium function is initially of the Langmuir type
system characterized by an isotherm with two inflection pointand has then two inflection points. Such a case was already
was reported ifi18]. discussed if18,19] Based on concepts described[29] the
isotherm illustrated irFig. 1 of [19] was described quantita-
tively using the following flexible model equation assuming the

4. Parameters for case stud . . - .
y existence of two different types of adsorption sites on a hetero-

The analysis presented below was performed for a situatioH€N€OUS surface.
corresponding to the isotherm type encircled as caseHign2. b1 + 2byc b3

= 6
4= 416y 2 + gsc (6)

Using this equation and the five parameters giverahble 1
the isotherm presented [@9] could be well represented. For
the goal of this study the physical significance of the parameters
of Eq. (6) is of no relevanceFig. 4 shows the course of the
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Fig. 2. Typical shapes of the equilibrium functions for single component adsorpFig. 3. Experimentally determined step response curves for the (+)-enantiomer
tion from solution (according to Giles et §16]). Experimental (I) and theoret-  of Troger’s base (mobile phase: ethanol, stationary phase: microcrystalline cel-
ical (Il) results are given for the two cases encircled. lulose triacetate, isotherm of case IRig. 2) [17].
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Table 1 Table 2
Parameters of analyzed adsorption isotherm (&g Fig. 4) Parameter of the chromatographic system used in conjunction with the isotherm
model summarized ifiable 1
Parameter Value
Column length L=25cm
gs1 0.84g/L Column diameter D=0.46cm
gs2 8.83g/L Total porosity F=0.25 £=0.80)
by —0.454L/g 5 Volumetric flowrate V =1mL/min
ba 0.0792 (L/g§" (Mobile phase velocity) =7.523 cm/min)
bs 3.71L/g (Void time) (to = 3.322 min)
Injection volume VN =1.661 ml2
(Injection time) (" =1.661 min =0/2)
isotherm,q(c), together with the concentration dependence of - _ _
the local slopes, gfdc, and the cords with the originye. If Standard value (used in most calculations).

the liquid concentration is relatively low (between 0 agdl or

high (abovecg) the branch of the isotherm is of the Langmuir ) ) ) )

type. The intermediate concentration range (betweeamndce) breakt.hrough is achieved, i.e. a plateau concentration corre-

exhibits anti-Langmuir behavior. sponding to the feed concentration appears at the column outlet.
In Fig. 4are marked several characteristic concentrations. B .

and E mark inflection points of the adsorption isotherm, slope-{- ¢/ =5.8¢/L>cy

and chord are identical at D, the chord at point H equals to that

at point D, the slopes at points A and G are equal, slope and According to the “rubber band rule” the operating lines

chord are identical at point F. These points are important for théeéscribed above, for injection concentrations larger thathe

development of the band profiles as will be shown below. ~ @dsorption front will travel according to E¢#) as a shock with
Besides the adsorption isotherm, also geometric parametefs =0 andc™ =" leading to the following shock propagation

of the column, the phase ratio and operating conditions regardelocity:

ing flowrate and injection characteristics must be provided in

u
order to analyze concrete concentration profiles. The referend€nockO/cinj = 77 "5 inj(ing)  cini) ()
parameters used in this study are summarizethivie 2 They N . :
reflect typical laboratory scale HPLC situations. In contrast, the operating line of the desorption front is more
complex and consists out of three parts. Betweel® andca
5. Breakthrough curves for selected feed concentrations and betweemg andey simple waves form. The velocity with

which in these ranges concentrations propagate is described by
Below the construction of band profiles will be demonstratedEd- (5)- Betweenca (=c*) andcg (c™) a shock exists which
based on the equilibrium theory of chromatography. The adsorg20SSesses the following velocity:
tion isotherm given irFig. 4 and different feed concentrations " _ u ®)
will be considered starting from higher values ¥ going "4/ = 11 F((4a(ca) — galca))/(co — ca))
to lower values. The injection time assuméd € 1.661 min) is L .
large enough to assure for the situations analyzed thata complete T_he developmer_lt of the _band profile in the column is Sho"Y”
in'Fig. 5. At three different times are presented the characteris-
. | . . . . . tics in time-space-diagrams (where the slopes are the reciprocal
=% velocities of the specific concentrations) and the locations and
8 == dgfde || shapes of the adsorption and desorption fronts inside the column.
Whereas in a shock these velocities are the same for all included
concentrations, there are individual values in a simple wave.
In the plots is also considered the time difference between the
start of the adsorption and desorption fronts, 4. With pro-

) | ceeding time (from top to bottom) the initially rectangular pulse
D} propagates deeper into the column and changes its shape. The
- | resulting breakthrough curves at the column outlet are shown in

Fig. 6for the adsorption and desorption fronts.
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Concentration, ¢ (g/L) Ifthe injection concentration is smaller and falls into segment
GH (se€Fig. 4), the shape of the profile gets more complex. To
Fig. 4. Courses of an adsorption isotherm with two inflection points (case ”understand the development of the adsorption and desorption
in Fig. 2 and the corresponding chords and slopes (according t¢aEwith fronts. the correspondina operating lines are illustratdddn?.
parameters given ifiable 1. The liquid phase concentration values of points A, ! p g P g o qo/.
B, D-F. G and Hare 0.7098, 1.442, 2.723, 3.279, 3.8285, 4.3457 and 4.653g/L, NOW also the adsorption front will splitinto three parts. Two
respectively. shocks with (slightly) different velocities will be divided by a
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Fig. 5. lllustration of the development of the band profile in the column when
the injection concentration is" =5.8 g/L (and thus larger thary, Fig. 4).

The characteristics of the adsorption and desorption fronts and the correspon
ing internal concentration profiles are shown for three different times{@&6
0.8x tp andrg, from top to bottom).

(small) wave betweetp andey (Fig. 7). The desorption branch
will still consist out of two waves and a shock in between. The

high concentration wave exists only in a very small concentration

range (betweens andc™). All relevant propagation velocities
can be again calculated using E¢Y). and (5)

Similar toFig. 5, the development of the band profile in the
column at three different times is illustrated in detaiFig. 8.

The resulting concentration profile appearing at the column ouf

let is given inFig. 9.
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Fig. 6. The elution profile of the solute at the column outlet £ =25 cm)
corresponding téig. 5(c™ =5.8 g/L).

5.3 cp<c™=4.0g/L<cg

The shape of elution profile for an injection concentration in
the segment EG is shown kig. 10 In contrast to the previous
case Figs. 7-9 the high concentration wave of the desorption
front disappears. The velocity of the shock in the desorption
front is not anymore related tg, but to a (slightly) larger con-
centratione,. The difference between the two velocities of the
shocks in the adsorption front becomes more pronounced as,
consequently, the simple wave betwagnandcy. The latter
concentration is (slightly) larger comparediiy. 9.

54. cp<c™=3.0g/L<cE
In Fig. 11is shown the profile at the column outlet for an

injection concentration betweem andcg. In the adsorption
front there is at first a shock between zero apdfollowed by
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Fig. 7. lllustration of the operating lines (fat) for adsorption (below isotherm)

nd desorption (above isotherm) for an injection concentrattba 4.5 g/L, i.e.
etweencg andcy (compare withFigs. 1 and % The isotherm is shown as

dotted line.
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6 - - - - - - Smaller injection times would lead to larger retention times of
the adsorption fronts and to maximum outlet concentrations

5r 1 below the injection concentration. A limiting situation results
for very small sample sizes where low concentrated adsorption

4t 1 and desorption fronts coincide at the analytical retention time,

IR analytica™ (LIu)(1 + F(gs1b1 + gs2b3)).

- 6. Numerical validation and simulation of
cini

Concentration (g/L)
()

2t 1 chromatograms
1t o 1 In order to check and evaluate the results obtained by applying
the equilibrium theory, additional calculations were carried out
0 s - s - using the equilibrium dispersive model.
0 2 4 6 8 10 12 14
Time (min)

6.1. Equilibrium dispersive model
Fig. 12. The elution profile of the solute at the column outlet corresponding to

2. oftle o _ o _ _
an injection concentratiori” =2.0g/L. The mass balance equation of the equilibrium dispersive

model is[1]:
5.5 cp<c™=2.0g/L<c
B & b oc 9g(c) ac 9%c
o . . o HF—= = tu— = Dap— ©)
If the injection concentration drops in the range betweend ot ox dx

points B and D the simple wave in the adsorption front disap- In contrast to Eq(1) a dispersion term is added. Into the
pears. Compared to the previous case, the velocity of the shoelpparent dispersion coefficiebtp are lumped all band broad-
in the desorption front is higher. The shape of the concentratiorning effects. For efficient columns this coefficient is directly
profile as constructed for the column outlet is showRim 12  related to a finite number of theoretical plat¥saccording to:

ulL
Dap= 2y

Finally, the mostsimple case is considered which corresponds Ed- (9) was solved using the reliable and efficient explicit
to the standard Langmuir situation already illustrate@iign 1. finité difference method proposed by Rouchon efil.
The profile at the column outlefE{g. 13 exhibits a single shock
for adsorption front. The velocity of this shock is smaller than for0-2- Numerical simulation of elution profiles
the previous situations leading to a larger retentiontime. The des- _ . S
orption frontis characterized by a single simple wavéitn 13 Fig. 14 presents for different characteristic injection con-

can also be recognized that the sample size injected is just suentrations and a plate number/é# 10000 simulation results
ficient to reach the injection concentration at the column outlet.

5.6. ¢ =10g/L<cp (10)

6 T T T T T
—iC,
CG
6 . . . . . . o
5f — Ce
A cD
s | \ —
3 al : ! €,
-y 18
E B ol :
c = i
S ®
= .l | {
g° g ;
5 [&] 2r | | 7
2 | :
L _ i
32 {
1 I -
I
I
1 T | \\-,_
| =
K o 2 4 & 8 10 12 14 16 18
0 . . . ! . Time (min)
0 2 4 6 8 10 12 14
Time (min) Fig. 14. Comparison between analytical solution of the equilibrium theory (solid

lines) and simulated elution profiles calculated with the equilibrium dispersive
Fig. 13. The elution profile of the solute at the column outlet corresponding tanodel (Eq.(9)) andN = 10,000 (dashed lines) for different characteristic injec-
an injection concentratiori™ = 1.0 g/L. tion concentrationsHig. 4) ands/™ =2 x 7o = 6.644 min.
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Fig. 16. Dependence of the critical injection time that still assures the survival
of the injection concentration at the column outlet (EiR)).

Fig. 15. Comparison between analytical (equilibrium theory) and simulated . . o . L
(equilibrium dispersive model with different plate numbes elution pro- ~ Matching these two times it is possible to calculate a critical

files for an injection concentration ef"i =4.5g/L and an injection time of injection time according to:

" = 6.644 min. L 1
tinj,crit - L _ _ 13
(Mads(cmj) udes(CmJ)> (13)

If for a given injection concentratiod™ the injection time

s smaller than™:€"t the maximum concentration of the elution
rofile at the column outlet will drop belowi. For the isotherm
iven in Fig. 4 the dependencéV ¢t versusc™ (Eq. (13)) is

shown inFig. 16 Due to the complex shape of the isotherm a

nontrivial dependence resultsig. 17 shows forc™ =0.4 g/L

obtained with the equilibrium dispersive model. The results are
hardly distinguishable from the results provided by the equi
librium theory. Differences can be only identified comparing
the perfect shocks predicted by the equilibrium theory and th
slightly dispersed fronts predicted by the rate model.

In order to study the influence of the plate number on the con

v_ergence ofthg_sqlution ofthe r.ate modelinto the analytical SOIU'Eheoretical concentration profiles in the column according to
tion of the equilibrium theory, different values betwetén 1000 . the equilibrium theory at two different times. Since the used

and N'=10,000 were used. As for the calculations shown Ininjection time of 1.661 min is smaller than the critical injection

Figs. 7 9_|n Fig. 15ar_1 Injection concentration of?!=4.5g/L time of 1.841 min the maximum outlet concentration is smaller
was considered. Obviously there is a gradual convergence of the

numerical into the analytical solution for increased plate num-
bers. HoweverFig. 15 also reveals that a plate number even

higher then 10,000 would be required to describe properly the
positions for the transitions between shocks and simple waves g4 |
which are predicted by the equilibrium theory.

6.3. Critical Injection time
t=6.09 min

l

The above discussion was restricted to situations where the
injection time was large enough to assure that the injection
concentration was reached at the column outlet. Using the equi-
librium theory it is possible to calculate the migration speed 01
of the injection concentration in the adsorption and desorption
fronts. Regarding their corresponding retention times at the col-
umn outlet ¢ = L) holds: % 5 10 15 20 25
x(cm)

Concentration (g/L)

t=6.76 min

11

L
m Fig. 17. Ba_nd_p_rofiles inthe colur_m_'\ bgsed_on_ equilibrium _theor_y fqr aninjection
concentratior™ = 0.4 g/L and an injection tim#&" = 1.661 min which is smaller
L than the critical timei-¢t = 1.841 min (Eq.(13)). The profiles are given at
T (12) 11=6.09 min where™= " is atZ(s" /") = 22,56 cm and ap = 6.76 min
udedc™) +1 wherec™® =" js at the column outlet.

fR,adicinj) =

tR,des(Cinj) =
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Fig. 18. Elution profiles for™ =5.0g/L (>cn), N=10,000 and different injec- .inj
tion times above and below the critical injection tinf&ct = 0.537 min. D

than 0.4 g/L. Eq(13) also allows calculating the last positionin
the column where the injection concentration is still maintainedy,
The result £=22.56 cm) is illustrated in the figure.

Fig. 18 presents numerical results fet=5g/L (>cp),
N=10,000 and 6 different injection times which are above (1.0
and 0.7 min) and below (0.5, 0.35, 0.3 and 0.2 min) the criticalqs.
time /"¢ = 0,537 min). The results fa¥ > "¢t are again in
good agreement with (not shown) predictions of the equilibriuny,
theory. Due to the limited efficiency already #¥ =0.7 minthe
injection concentration is hardly reached at the column outletinj

For the cases wher®l < /"¢t the maximum concentrations at inj.crit

the column outlet are smaller than the injection concentration. To
predict these profiles using the equilibrium theory the unknown,
maximum concentration must be determined using additiong)}

mass balance considerations which are outside the scope of thjs, ()

paper.

Ushock

The approach presented can be extended easily to predict
breakthrough curves for single solutes possessing other and even
more complex isotherm shapes.

0.7 min Although a real chromatographic system provides only a
finite efficiency, quickly accessible predictions provided by the
equilibrium theory are considered to be very useful in order to
understand the development of band profiles and to design sep-
aration processes.

8. Nomenclature

parameters of adsorption isotherm, E&j.(L/g)
parameters of adsorption isotherm, E&).(L/g)?
parameters of adsorption isotherm, E&j.(L/g)
concentration of solute in the mobile phase, ED.
(g/L)

initial concentration of solute in column, E) (g/L)
injected concentration of solute, E®) (g/L)

column diameter (cm)

apparent dispersion coefficient, £§) (m?/s)

phase ratio, Eq1) (-)

length of column (cm)

number of theoretical plates-§

concentration of solute in the stationary phase,(E).
(g/L)

saturation capacity of sitén adsorption isotherm, Eq.
(6) (/L)

retention time of a non retained component (min)
time (min)

injection time, Eq(3) (min)

critical injection time regarding erosion of injection
concentration, Eq13) (min)

retention times (min)

velocity of mobile phase Eq1) (cm/min)

velocity of concentrationin adsorption front (cm/min)
velocity of a shock, Eqg4) (cm/min)

uwavelc) velocity of concentratior in a simple wave, E((5)

7. Conclusion N
yinl
The paper demonstrated how the equilibrium theory of chro¥
matography can be applied in order to predict adsorption ang
desorption fronts in cases where the adsorption isotherms pos-
sess inflection points. The analysis was undertaken for a specific

(cm/min)

injection volume (mL)
volumetric flowrate (mL/min)
axial position in column (cm)
total column porosity )

isotherm characterized by two inflection points (Langmuir/anti-Acknowledgements

Langmuir/Langmuir behavior). The development of corre-

sponding elution profiles in the chromatographic column was The financial support of the German Science Foundation
illustrated for situations where the injection time was suffi-(SFB 578, C2), Fonds der Chemischen Industrie and Schering
cient to maintain the feed concentration at the column outletAG is gratefully acknowledged.
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